We show that a non-Hermitian zero mode can exhibit an unusual behavior at the transition between extended and localized regimes: it displays a linearly decreasing amplitude as a function of space in a weakly coupled non-Hermitian reservoir. Through the discussion of a linear homogeneous recurrence relation, we attribute this phenomenon to the underlying non-Hermitian particle-hole symmetry and the zeroness of its energy eigenvalue. We also show that linear localization bears a strong resemblance to critical damping, even though the latter does not display linear temporal dynamics.
We show that a non-Hermitian zero mode can exhibit an unusual behavior at the transition between extended and localized regimes: it displays a linearly decreasing amplitude as a function of space in a weakly coupled non-Hermitian reservoir. Through the discussion of a linear homogeneous recurrence relation, we attribute this phenomenon to the underlying non-Hermitian particle-hole symmetry and the zeroness of its energy eigenvalue. We also show that linear localization bears a strong resemblance to critical damping, even though the latter does not display linear temporal dynamics.
Wave localization is one of the most celebrated physical phenomena in the past century [1] [2] [3] [4] . The band picture emerged in the 1920's successfully explained localization of noninteracting or linear waves in a periodic structure [5] , which revealed the distinction between normal metals and insulators. The existence of a sizable bandgap is also crucial for the robustness of topological insulators and Majorana zero modes [6] [7] [8] [9] [10] . Take the Su-SchriefferHeeger (SSH) Hamiltonian [11] for example, which is the simplest model that gives us a glimpse into the topological origin of edge states. Its bandgap is proportional to the difference between two alternate couplings t A,B on a one-dimensional (1D) tight-binding lattice, and the localization length of its zero mode(s) is given by ξ = (ln t A − ln t B ) −1 Λ, where Λ is the lattice constant and we have assumed t A > t B > 0. The bandgap vanishes if t A = t B , and ξ diverges since the zero mode(s) becomes periodic in space.
A similar transition from localized states to extended states takes place in disordered systems [1, 3] . Again by neglecting interaction and nonlinear effects, Philip Anderson pointed out that disorder can completely suppress diffusion and all eigenstates of the system become exponentially localized [12] . Nevill Mott also noted that in three dimensions, there exists a mobility edge that separates localized modes and extended modes in terms of their energies [13] . However, unlike the straightforward transition mentioned for the SSH model above, the wave functions at the mobility edge display interesting features such as power law localization [14] and fractal dimensionality [15] .
In this Letter we probe whether a symmetry-protected zero mode exhibits exotic behaviors at the transition between localized and extended regimes. Remarkably, we observe a "linear localization" phenomenon: when weakly coupled to a non-Hermitian reservoir, a zero mode can display a linearly decreasing amplitude as a function of space in the reservoir, with an attenuation factor of order unity. Recently, several experiments [20] [21] [22] [23] [24] [25] [26] [27] have demonstrated topological edge states and symmetry-protected * li.ge@csi.cuny.edu zero modes in photonics using spatially arranged nonHermitian elements [16] [17] [18] [19] , where a non-uniform distribution of optical gain and loss in space explicitly breaks time reversal symmetry and energy conservation. The existence of zero modes in these finite-size, non-periodic lattice systems [28] is a result of non-Hermitian particlehole (NHPH) symmetry [29] [30] [31] . We will employ such a gain and loss modulated lattice as our non-Hermitian reservoir, which can be realized using evanescently coupled optical waveguides [31] [32] [33] [34] or microcavities [35] [36] [37] .
Below we first discuss briefly NHPH symmetry and the resulting non-Hermitian zero modes. We then treat the coupling t between the system (i.e., an SSH chain) and the non-Hermitian reservoir as a small parameter, which enables us to apply a first-order perturbation theory and confirm the linearly localized zero mode inside the reservoir. By utilizing the zero-energy property, we further derive a linear homogeneous recurrence relation
for the zero-mode wave function inside the reservoir, where α ∈ R is a constant and independent of the lattice site index n. We then show that the characteristic equation of this recurrence relation can have a root of multiplicity 2, which leads to linear localization at exactly the transition between exponentially localized and extended regimes. We also show that linear localization bears a strong resemblance to critical damping, even though the latter does not display linear temporal dynamics. A symmetry-protected zero mode in a Hermitian system can exist if its spectrum is symmetric, satisfying ω µ = −ω ν . A zero mode is found when the two mode indices µ, ν are identical, resulting in ω µ = 0. Such a symmetric spectrum can be the result of chiral symmetry or particlehole symmetry [6] [7] [8] [9] [10] . The spectrum of a non-Hermitian system, on the other hand, is generally complex, and hence it is necessary to restore the complex conjugation in the manifestation of particle-hole symmetry, i.e., ω µ = −ω general property of a non-Hermitian zero mode in such a finite system is its staggering phase on the two sublattices: its wave function is real on one sublattice and imaginary on the other [28] .
We consider a non-Hermitian reservoir in the form of a simple 1D tight-binding lattice [right half in Fig. 1(a) ]:
Here H R is the effective Hamiltonian, t is the nearest neighbor coupling, Re[ω A,B ] = ω 0 is the homogeneous on-site energy to be defined as the zero of the spectrum, and Im[ω A,B ] = ±iγ denote alternate gain and loss modulation on the two sublattices. The system we consider is a Hermitian SSH chain [left half in Fig. 1(a) ] with the same on-site energy as in the reservoir, and a Hermitian zero mode (i.e., one with frequency ω 0 ≡ 0) localized exponentially on its right edge exists when t A > t B . Due to the difficulty of fabricating and coupling many nearly identical elements in micro-and nano-photonics, here we consider a small number of lattice sites, i.e., 9 in the system and 10 in the reservoir. We then couple the system weakly to the non-Hermitian reservoir with coupling t . Although chiral symmetry of the SSH chain is broken due to this coupling, nonHermitian particle-hole symmetry still holds for the combined lattice [28] , and it pins the original zero mode on the imaginary frequency axis. While the tail of this altered zero mode remains exponentially localized in the system, its tail inside the non-Hermitian reservoir experiences a transition from delocalized [ Fig. 1(b) ] to localized [ Fig. 1(d) ] when the non-Hermitian parameter γ increases. The qualitative transition takes place at γ = 2t, and that is where we observe linear localization of the zero mode inside the reservoir [ Fig. 1(c) ]. These results are confirmed using a first-order perturbation theory (see solid lines in Fig. 1 ), where we treat the weak coupling t as the small perturbation parameter. Although the correction to the zero-mode wave function [38] does not explain the mechanism of linear localization directly, we do find that the correction to the zero-mode energy is zero, which turns out to be important in our analysis below. Our analysis is based on the linear recursive relation given by Eq. (1), which holds the key to the explanation of both linear localization and why it delineates localized and delocalized regimes. To derive this relation, we first rewrite Eq. (2) in the non-Hermitian reservoir as
for an eigenstate, where κ A,B ≡ −i(ω µ −ω A,B ). For a nonHermitian zero mode, κ A,B = Im[ω µ ] ∓ γ are real due to the defining property Re[ω µ ] = ω 0 , and they represent the effective gain and loss coefficients on the two sublattices. Because κ A,B appear sequentially when the lattice index n in Eq. (3) varies, it is difficult to derive a conclusive property of the wave function based solely on Eq. (3). However, we note that by repeatedly applying Eq. (3) to five consecutive lattice sites, we arrive at Eq. (1) with
Besides the trivial solution Ψ n = 0 on all lattice sites, the recurrence relation (1) also permits the general solution
where β 1,2 are two constants and the integer m is the index on a sublattice, i.e., m = n/2 on the A sublattice (where n is even) and m = (n + 1)/2 on the B sublattice (where n is odd). b ± are the two roots of the characteristic equation
derived from the linear recursive relation (1), or more explicitly,
When |α| < 2, b ± are two complex numbers of modulus 1 and so are b m ± . As a result, Ψ n is the summation of two vectors of fixed length |β 1 | and |β 2 | and monotonically varying relative phase in the complex plane. As a result, |Ψ n | oscillates between the upper bound |β 1 |+|β 2 | and the lower bound ||β 1 | − |β 2 || as n varies, indicating that the non-Hermitian zero mode is delocalized in the reservoir, as we have seen in Fig. 1 The critical behavior takes place at α = ±2, where the characteristic equation (6) has a single root b = α/2 of multiplicity 2. The solution of Ψ n in this case is given by
instead [39] , and the second term inside the parentheses leads to linear localization. We note however, α = −2, or equivalently r = 0, does not cause linear localization. This is because r = 0 requires one or both of κ A,B to be zero, and Eq. (3) tells us immediately that |Ψ n | is a constant on at least one sublattice. As a result, the non-Hermitian zero mode is delocalized in the reservoir, which is the case when the reservoir is Hermitian (i.e., γ = 0 = Im[ω µ ]; not shown). Therefore, the linear localization shown in Fig. 1(c) is the result of α = 2 and r = −4. We note, however, Eq. (7) only indicates that the wave function of the non-Hermitian zero mode is linear on the two sublattices, respectively. An additional requirement is hence needed for them to align and form a single linear profile, which is exactly the observation we have mentioned when discussing the perturbation theory, i.e., Im[ω µ ] ≈ 0: Equation (1) with α = 2 indicates that the values of the zero-mode wave function are all in phase on a sublattice inside the reservoir, which is stronger than the staggering phase relation imposed by NHPH symmetry. Therefore, we can rewrite Eq. (3) as |Ψ n |+|Ψ n−2 | = |κ A,B /t||Ψ n−1 |, and a single linear profile requires |κ A,B /t| = |Im[ω µ ] ∓ γ|/t = 2, which are satisfied simultaneously only when Im[ω µ ] = 0 and γ = 2t. Using these results we also find the maximum amplitude of the linear tail to be t /[2 − (N R − 1)/N R ]t ≈ t /t, where N R is the number of sites in the reservoir.
We should mention that there are more than one nonHermitian zero mode in our system. The only one in the Hermitian limit originates from the edge state of the SSH chain, but as the gain and loss coefficient γ increases, multiple pairs of non-zero modes satisfying ω µ = −ω * ν move towards the imaginary axis and become a pair of non-Hermitian zero modes, which then repel each other along the imaginary axis [28] . As a result, we witness multiple avoided crossings on the imaginary axis [see Fig. 2(a) ], and the original edge state of the SSH chain (mode 1 in Fig. 2 ) passes its identity sequentially to mode 3, 5, 7 and so on, each of which maintains Im[ω µ ] ≈ 0 (and κ A,B ≈ ±γ) between two avoided crossings. This inheritance is reflected as the "baseline" in the critical quantity r, i.e., r ≈ −γ 2 /t 2 [see Fig. 2 (b)], with which we immediately know that the linear localization (r = −4) takes place near γ = 2t. For the non-Hermitian zero modes further away from the real axis, their r values stay almost unchanged [see Fig. 2(b) ]. This is because their Im[ω µ ] appear in pairs with opposite signs; their magnitudes are approximately equal and follow a square root relation γ 2 − γ 2 µ when γ exceeds a certain threshold γ µ [see the example in Fig. 2(a) ], resulting in a nearly constant r ≈ −γ 2 µ /t 2 for a pair of modes. As we show in Fig. 3(a) , a strong coupling t comparable to t eliminates the linear localization at γ = 2t. Nevertheless, we note that a linear profile on each sublattice can be achieved at γ = 2.036t instead [see Fig. 3(b) ]. This behavior is due to the the semi-continuous nature of r as we have seen in Fig. 2(b) , now with a shifted baseline
is no longer negligible for a non-Hermitian zero mode due to the strong coupling t , but r = −4 required for linear localization on each sublattice is still attainable at a shifted value of γ.
Such zigzag linear localization can also be found when the reservoir itself is an non-Hermitian SSH chain, with the constant coupling t in our previous example replaced by alternate couplings t A,B . The linear recursive relation (1) still holds with a generalized
Again assuming that Im[ω µ ] ≈ 0, zigzag linear localization requiring α = ±2 is achieved at both γ = t A + t B and |t A − t B |.
If we treat the non-Hermitian SSH reservoir as periodic, these two values of γ correspond to two exceptional points (i.e., non-Hermitian degeneracies) with ω µ = 0 [38] . We note however, these exceptional points are necessary Other parameters are the same as in Fig. 1(c) .
but insufficient for linear localization. In fact for a nonHermitian SSH chain, any value of γ ∈ (|t A − t B |, t A + t B ) gives two exceptional points, but only the two mentioned above are at the center and edge of the Brillouin zone, which satisfy the staggering phase relation required by linear localization in this case. Furthermore, exceptional points satisfying this additional requirement may lead to a linearly increasing amplitude on some sublattices instead [38] , which eliminates linear localization and is similar to slow light at a stationary inflection point [41] [42] [43] . We also remark that the condition α = ±2 is generally incompatible with the symmetry protection of zero modes in a Hermitian reservoir [38] . In Figs. 4(a,b) we use evanescently coupled InP waveguides to simulate the Hermitian SSH chain and the nonHermitian reservoir in Fig. 1 [38] . This material system has been used in several experiments with fine controlled gain and loss ratios [44, 45] . Here the roles of time and frequency are played by the propagation distance z along the waveguides and the propagation constant β. The finite-difference-time-domain simulation of the vectorial Maxwell's equations using MEEP [46] shows a nice linear profile of the predicted zero mode inside the reservoir, confirming the validity of the tight-binding model.
As can be seen from Fig. 2(a) , the linearly localized non-Hermitian zero mode (mode 11) does not have the strongest gain. Therefore, it is difficult to observe it in a lasing experiment. Nevertheless, we find this zero mode to be robust in the presence of noise and can hence be observed after an ensemble average. Using the simulated quantities from the InP waveguides, we prepare 10 3 initial states with noises superposed on this zero mode (multiplied by the factor e 0.1s at each site in the reservoir where s follows the standard normal distribution) and let them evolve up to 10 4 periods (about 4.8mm). Even though the tails of the final states can be highly nonlinear, their ensemble average maintains a good linear profile, with an R 2 value of 0.9966 [ Fig. 4(c) ]. Conclusion and Discussion -We have shown that the wave function of a non-Hermitian zero mode can display unusual linear localization in a weakly coupled nonHermitian reservoir, which takes place at the transition between extended and exponentially localized regimes. When the coupling between the system and the reservoir becomes strong, this linear profile can still be observed but only on each sublattice, respectively. Interestingly, the characteristic equation (6) of the recursive relation (1) is in fact identical to that of a damped harmonic oscillator, described by mẍ + γẋ + mω 2 0 x = 0. As usual, x is the displacement from the equilibrium position, dots denote time derivatives, m is the mass, ω 0 is the natural frequency, and γ is the damping coefficient. Assuming a temporal dependence x(t) ∝ e λt , it is straightforward to see that α in Eq. (1) plays the role of −γ/mω 0 , and the condition α = −2 for linear localization shown in Fig. 1(c) is exactly the same as the critical damping condition, i.e., γ = γ c ≡ 2mω 0 . Therefore, a linear term also appears in critical damping but now it is multiplied by an exponential facotr, i.e., x(t) = e −ω0t (x(0) + βt). Here x(t) is the oscillation amplitude and β = ω 0 x(0)+ẋ(0) is a constant. As a result, a critically damped oscillator does not display linear dynamics, except in the trivial limit ω 0 → 0 (e.g., with a vanishing spring constant) where the motion becomes that of a uniform velocity. Very similar dynamics (with ω 0 → iω 0 [38] ) takes place at a real-valued exceptional point of order 2 in a non-Hermitian system [47, 48] , which, we should note, does not exhibit linearly localized wave functions in space [38] . Finally, it is known that the spatial profile of diffusive waves in disordered systems is linear in space after an ensemble average [49] . This linear dependence, however, is a property of the intensity (i.e., |Ψ n | 2 ) instead of the amplitude. Hence it is a qualitatively different phenomenon from linear localization we discuss here.
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SUPPLEMENTAL MATERIAL A. Perturbation theory
In Fig. 1 of the main text we have verified the results of the tight-binding model using a first-order perturbation theory. Here we outline this approach. We treat the weak coupling t between the system and the reservoir as the small perturbation parameter, and we denote H 0 = H S + H R (γ) as the unperturbed (and uncoupled) Hamiltonian of the system (H S ) and the reservoir (H R ). In the coupled system the Hamiltonian becomes
where H contains only two nonzero elements in its matrix form, which are 1's coupling the rightmost lattice site in the system and the leftmost site in the reservoir. The eigenstates of H 0 and their biorthogonal partners are denoted by |ψ µ |, and they satisfy the biorthogonal relation
Note that since there is no coupling between the system and the reservoir in H 0 , |ψ
µ | are both zero either in the system or the reservoir. Therefore, the biorthogonal relation above is nontrivial only when both modes µ and ν belong to the system or the reservoir.
Similar to the perturbation theory in (Hermitian) quantum mechanics, the first order correction to the energy is given by
Due to the spatial properties of |ψ
µ | mentioned above and the structure of H , it is straightforward to show that H µν is zero if both |ψ In the meanwhile, the first-order correction to the wave function is given by
which is plotted in Fig. 1 of the main text for different values of γ. We note that this correction does not change the zero-mode wave function in the system; it only changes the latter in the reservoir, again due to the property of H µν mentioned above.
B. Non-Hermitian SSH reservoir
In this section we first show zigzag linear localization in a non-Hermitian SSH reservoir, which features alternate gain and loss as well as coupling strengths t A,B [40] . These linearly localized states are found when γ = t A + t B and |t A − t B | as mentioned in the main text [see Figs. S1(b) and S1(c)]. We note that since now α defined by Eq. (8) in the main text has a modulus greater than 2 when γ < 1, the original Hermitian zero mode [mode 1 in Fig. S1 (d) at γ = 0] is exponentially localized in the reservoir, which is different from the case in Fig. 1 in the main text (where t A = t B ≡ t and Ψ n in the reservoir at γ = 0 is a constant on the two sublattices, respectively).
Next we show the band structure of the SSH reservoir when it is treated as periodic. Its unit cell has two lattice sites due to the alternate gain and loss, which is independent of whether t A = t B . Its Bloch Hamiltonian is given by
where k is the wave vector and Λ is the lattice constant. The complex band structure is given by
and both bands are real at γ = 0 as shown in Fig. S2(a) . The band gap is closed when γ = |t A − t B | [ Fig. S2(b) ], and the degeneracy at the edge of the Brillouin zone is an exceptional point with coalesced Bloch wave function
, the band structure has two exceptional points at ω ± (k EP ) = 0 and 
C. Exceptional points in a more complicated reservoir
In this section we show that the existence of an exceptional point at ω = ω 0 ≡ 0 and k = 0 or π/Λ is not a sufficient condition for linear localization. For this purpose, we use the non-Hermitian reservoir shown in Fig. S3(a) . It can be shown that an exceptional point occurs at ω = 0 and k = 0 when γ = 2t, but for the zero mode at ω µ = −0.0599i, its amplitude reduces linearly only on one sublattice [red squares in Fig. S3(b) ] from the interface between the system and the reservoir. Its amplitude increases linearly instead on the other three sublattices.
Lattice site number n 1 10 
D. Linear localization in a Hermitian reservoir
As mentioned in the main text, the linear localization condition α = ±2 in a Hermitian reservoir is generally incompatible with the symmetry protection of the zero mode. As an example, we consider a Hermitian reservoir with a constant coupling t and an onsite energy ω 0 , which may be different from ω 0 in the system. It has a single band between ω 0 − 2t and ω 0 + 2t, and its linear recursive relation is simply
From our previous analysis in the main text, it is clear that linear localization may exist at α = ±2, which requires that the energy ω µ of the zero mode, with its coupling to the reservoir considered, should be at ω 0 ± 2t. To meet this criterion, however, we need to shift ω 0 to ω 0 ± 2t, i.e., to align the top or bottom band edge of the reservoir with the energy of the uncoupled zero mode. An immediate consequence of this detuning is the lifting of the chiral symmetry of the combined Hermitian lattice, and in turn there is no symmetry-protected zero mode anymore.
In Fig. 4 of the main text we have presented a realistic design using coupled InP waveguides. Each waveguide has a 1.5µm×1.5µm cross section, and its top layer is made up of 500-nm-thick InGaAsP mutiple quantum wells (Fig. S4) . When optically pumped, the quantum wells supply the gain while the loss is provided by a thin Cr/Ge double layer on top of the quantum wells. We denote the electric field propagating along the waveguide direction (z) by Ψ(x, y, z) = E(x, y)e −iβz . Here β is the propagation constant, and it is related to the effective index by n eff = βλ/2π. We choose λ = 1.55µm and express the couplings in the unit of the effective index (i.e., dimensionless).
The stronger coupling t A on the SSH lattice and the coupling t in the reservoir are 5.37 × 10 −5 , for an air gap of 0.2µm between two neighboring waveguides. The weaker coupling t B on the SSH lattice and the coupling t between the system and the reservoir are about 24% of t, for an air gap of 0.32µm.
By performing a finite-difference-time-domain simulation of Maxwell's equations using MEEP [46] and a perfectly matched layer as the global boundary condition, we find n eff = 3.255 ≡ n 0 for the fundamental mode in a single waveguide. This is the corresponding quantity of ω 0 in the tight-binding model. The effective gain and loss for this fundamental mode are about ±0.86n , where ±n are the imaginary parts of the refractive index in the pumped InGaAsP and (InGaAsP+Cr/Ge) regions in the reservoir. Now we consider 19 waveguides as in Fig. 1 of the main text. By increasing n to approximately 1.24 × 10 −4 , we bring the effective gain and loss in the reservoir to twice the value of the coupling t, and indeed we find that for a non-Hermitian zero mode with n eff = n 0 + 0.224i × 10 −5 , its spatial profile [see Figs. 4(a,b) in the main text] displays linear localization in the reservoir as predicted by the tight-binding model.
F. Relation to non-Hermitian defect states
In Ref. [31] it was pointed out that due to the formation of a non-Hermitian flatband at Re[ω(k)] = ω 0 , even a small defect on the lattice will lead to the emergence of one or more defect states (with Re[ω µ ] = ω 0 ). In the examples we have discussed in the main text, this non-Hermitian flatband does not form completely [see Fig. S5(a) , for example]. This is because there are modes of the Hermitian SSH chain that are largely decoupled from the reservoir [ Fig. S5(b) ]. As a result, we do not see any defect state at the interface between the system and the reservoir. Now if we make the system also non-Hermitian, for example, by introducing gain to its A sites and loss to its B sites in Fig. 1(a) of the main text with the same strength as in the reservoir, then we do find a non-Hermitian flatband and two defect states [Figs. S5(c,d) ], similar to the case presented in Fig. S3 in the supplementary information of Ref. [31] . In this case we do not observe linear localization at γ = 2t, because there is no non-Hermitian zero mode with Im[ω µ ] ≈ 0.
G. Linear temporal evolution at an exceptional point
In this section we show that the linear temporal evolution at an exceptional point of the effective Hamiltonian does not show linear localization. For this purpose we consider the non-Hermitian reservoir shown in Fig. 1(a) of the main text, which is now treated as a standalone system. When γ = 2t and k = 0, the Bloch Hamiltonian of this lattice becomes
which is defective with a degenerate eigenvalue λ = ω 0 and the corresponding coalesced eigenstate |Ψ 0 = [i 1] T , where T denotes the matrix transpose as usual. Therefore, γ = 2t and k = 0 is an exceptional point of the system, and it is clear that the wave function of the eigenstate does not display linear localization on the periodic lattice, which is given by [i 1 i 1 . . .]
T since k = 0. Neither does the generalized eigenvector |Ψ 1 = [1 i]
T of H, defined by (H − ω 0 1)|Ψ 1 = |Ψ 0 and satisfies Ψ 0 |Ψ 1 = 1, where 1 is the identity matrix. The general temporal evolution of the an arbitrary initial state is given by [48] |Ψ(t) = c 0 e −iλt |Ψ 0 + c 1 e −iλt (|Ψ 1 − it|Ψ 0 ), (S10) where c 0,1 = Ψ 0,1 |Ψ(t = 0) . In this case λ = ω 0 is real, and the temporal evolution of |Ψ(t) in the asymptotic limit t → ∞ is determined by the last term in Eq. (S10), i.e., it approaches the eigenstate |Ψ 0 with an amplitude growing linearly as a function of time, which is not linearly localized in space as already mentioned.
